Let R a commutative semiring with identity. An ideal I is called a multiplication ideal if every ideal contained in I is a multiple of I. We consider the associated ideal θ(I). It is proved that the strong ideal θ(I) is important in the study of multiplication ideals. Among various applications given, the following results are proved: if I is a faithful very strong multiplication ideal, then the strong ideal θ(I) is an idempotent ideal of R such that θ(θ(I)) = θ(I), and every secondary representable ideal of R which is also a very strong multiplication ideal is finitely generated.
Introduction
For potential applications we note that ideals over semiring are important in studying the properties of the semiring, and the latter arise in diverse areas of applied mathematics, including optimization theory, automata theory, mathematical modeling and parallel computation systems. This paper is devoted to an exploration of how ideal-theoretic considerations in commutative semirings impact the multiplicative behavior of those elements of the semiring that have additive inverses in the semiring. The general question as to the algebraic nature of these so-called "zero-sums" of a semiring is one of the most central in the theory of semirings. The idea of investigating a mathematical structure via its representations in simpler structures is commonly used and often successful. The representation theory of semirings has developed greatly in the recent years. It is an area which is very firmly based on the detailed understanding of examples, and there are many powerful techniques for investigating the representations of particular semirings and for relating the representations of one semiring to another. One of the aims of the modern representation theory of semirings is to solve "zero-sum" problems for subcategories of semirings. The reader is referred to [10] and [11] for a detailed discussion of "zero-sum" problems and useful computational reduction procedures.
Let R be a commutative semiring with non-zero identity. An ideal I of R is called a multiplication ideal of R whenever J is an ideal of R with J ⊆ I, then there exists an ideal K of R such that J = KI ( [1, 2, 4] ). In this case we can take K = (J : I) = {r ∈ R : rI ⊆ J}. The main part of this paper is devoted to extending some basic results of multiplication ideals from the theory of rings to theory of semirings (see Sections 2, 3 and 4) .
For the sake of completeness, we state some definitions and notations used throughout. A commutative semiring R is defined as an algebraic system (R, +, .) such that (R, +) and (R, .) are commutative semigroups, connected by a(b + c) = ab + ac for all a, b, c ∈ R, and there exists 0 ∈ R such that r + 0 = r and r0 = 0r = 0 for each r ∈ R. In this paper all semirings considered will be assumed to be commutative semirings. A subset I of a semiring R will be called an ideal if a, b ∈ I and r ∈ R implies a + b ∈ I and ra ∈ I. A subtractive ideal (= k-ideal) K is an ideal such that if x, x + y ∈ K then y ∈ K (so {0} is a k-ideal of R). A prime ideal of R is a proper ideal P of R in which x ∈ P or y ∈ P whenever xy ∈ P . If I is an ideal of R, the radical I, denoted by rad(I), is the set of all x ∈ R for which x n ∈ I for some positive integer n. This is an ideal of R, contains I and is the intersection of all prime ideals of R that contain I ( [3] ). An ideal I of a semiring R is called a partitioning ideal (= Q-ideal) if there exists a subset Q of R such that R = ∪{q + I : q ∈ Q} and if q 1 , q 2 ∈ Q then (q 1 + I) ∩ (q 2 + I) = ∅ if and only if q 1 = q 2 . Allen ([3]) has presented the notion of Q-ideal I in the semiring R and constructed the quotient semiring R/I (also [4, 5, [8] [9] [10] ). The following lemma is well known. Lemma 1.1. Let R be a semiring R. If {I i } i∈Λ is a collection of ideals of R, then i∈Λ I i and i∈Λ I i are ideals of I.
Very strong multiplication ideals
In this section we list some basic properties concerning very strong multiplication ideals. We begin the key definition of this paper. Definition 2.1. An ideal I of a semiring R is said to be a strong ideal if for each a ∈ I there exists b ∈ I such that a + b = 0.
Example 2.2. Let R = {0, 1, 2, ..., 20}, and define a + b = max{a, b}, a.b = min{a, b} for each a, b ∈ R. Then (R, +, .) is easily checked to be a commutative semiring with 20 as identity. Let J 4 denote the ring of integers modulo 4. Let J 4 ⊕ R = {(a, b) : a ∈ J 4 , b ∈ R} denote the direct sum of semirings J 4 and R. Then J 4 ⊕ R is a commutative semiring. An inspection will show that I 0 = {(a, 0) : a ∈ J 4 } is a proper strong ideal in J 4 ⊕ R and I 10 = {(0, n) : n ≤ 10} is a proper ideal of J 4 ⊕ R which is not a strong ideal.
Let R be a semiring. An ideal P of R is called a strong maximal k-ideal if it is maximal in the lattice of strong k-ideals of R. Lemma 2.3. Let R be a semiring with 1 = 0. Then R has at least one strong maximal k-ideal.
Proof. Since {0} is a proper strong k-ideal of R, the set ∆ of all proper strong k-ideals of R is not empty. Of course, the relation of inclusion, ⊆, is a partial order on ∆. Now ∆ is easily seen to be inductive under ⊆, so by Zorn's Lemma ∆ has a maximal element, i.e., R has a proper strong maximal k-ideal. 
Lemma 2.5. Let I be a finitely generated ideal of a semiring R, and let J be a strong ideal in R such that JI = I. Then (1 + t)I = 0 for some t ∈ J.
Proof. Let I =< x 1 , x 2 , ..., x n >. We use induction on n. Consider first the case in which n = 1. Here we have < x 1 >= J < x 1 >. So x 1 = sx 1 for some s ∈ J; hence there is an element s ′ ∈ J such that s + s ′ = 0 and hence (1 + s ′ )x 1 = sx 1 + s ′ x 1 = 0. It follows that (1 + s ′ )I = 0. We now turn to the inductive step. Assume, inductively, that n = k + 1, where k ≥ 1, and that the result has been proved in the case where n = k. Then we must have (1 + a)(1 + b)I = (1 + a + b + ab)(< x 1 , ..., x k > + < x k+1 >) = 0 for some a, b ∈ J, so (1 + t)I = 0, where a + b + ab = t ∈ J, as needed.
Proposition 2.6. Let I be a strong finitely generated ideal of a semiring R, and let J be a strong ideal in R such that JI = I. Then R = J + ann(I).
Proof. By Lemma 2.5, There exists t ∈ J and c ∈ ann(I) such that 1 + t = c, so r + rt = rc for all r ∈ R. By assumption, there is an element d ∈ J such that rt + d = 0; hence r = rc + d ∈ J + ann(I), as required.
Let R be a semiring. An ideal I of R is said to be Hopfian if each Repimorphism f : I → I is isomorphism.
Proposition 2.7. Let R be a semiring. If I is a multiplication ideal of R, then I is Hopfian.
Proof. Let f : I → I be a epimorphism. By assumption, there exists an ideal J of R such that K = Ker(f ) = JI. Hence 0 = f (K) = Jf (I) = IJ = K, as needed. Proof. The necessity is clear. For the sufficiency, suppose that for each a ∈ I there exists an ideal J of R such that Ra = JI. Let K be an ideal of
Definition 2.10. Assume that P is a strong maximal k-ideal of a semiring R and let I be an ideal of R.
(i) We say that I is P -cyclic provided there exists p ∈ P and a ∈ I such that
The definition 2.10 is the same as that introduced by Z. El-Bast and P. F. Smith in [4] .
Lemma 2.11. Assume that P is a strong maximal k-ideal of a semiring R and let I be an ideal of R. Then T P (I) is a subideal of I.
Proof. Let a, b ∈ T P (I) and r ∈ R. Then there exist p 1 , p 2 ∈ P such that (1+p 1 )a = 0 and (1+p 2 )b = 0, so (1+p 1 )(1+P 2 )(a+b) = (1+p 1 )(ra) = 0, and the proof is complete.
Definition 2.12. Let R be a semiring. A strong ideal I of R is called a strong multiplication ideal of R whenever J is an ideal of R with J ⊆ I, then there exists a strong ideal K of R such that J = KI. Lemma 2.13. Let R be a semiring. Then the following hold: (i) If I is an strong ideal of R, then Rx is a strong ideal of R for every
x ∈ I. (ii) A finite sum of strong ideals of R is a strong ideal of R. (iii) If I and J are strong ideals of R, then IJ is a strong ideal of R.
Proof. The proof is straightforward.
Theorem 2.14. Let I be a strong multiplication ideal of a semiring R. Then for every strong maximal k-ideal P of R either I = T P (I) or I is Pcyclic.
Proof. Let P be a strong maximal k-ideal of R. Suppose I = P I. Let a ∈ I. Then Ra = JI for some strong ideal J of R. Hence Ra = JI = JP I = P a and a = pa for some p ∈ P . By assumption, there exists p ′ ∈ P such that pa + p ′ a = (1 + p ′ )a = 0 and hence a ∈ T P (I). It follows that T P (I) = I. Now suppose that P I = I. There exists b ∈ I and b / ∈ P I. There is a strong ideal K of R such that Rb = KI. Clearly, K P . Since by Lemma 2.13, K + P is a strong ideal of R, we must have K + P = R, so 1 = e + q for some e ∈ K and q ∈ P . There exists q ′ ∈ P such that q + q ′ = 0; hence 1 + q ′ ∈ K. It follows that (1 + q ′ )I ⊆ Rb and I is P -cyclic. Proof. If I is a very strong multiplication ideal, then the result follows from Theorem 2.14. Conversely, suppose that for each strong maximal kideal P of R either I = T P (I) or I is P -cyclic. Let J be a subideal of I and K = (J : I). Clearly, KI ⊆ J. Let y ∈ J. Then by assumption, L = {r ∈ R : ry ∈ KI} is a strong Q-ideal of R. Suppose L = R. Then by Theorem 2.4, there exists a strong maximal k-ideal P ′ of R such that L ⊆ P ′ . If I = T P ′ (I), then there is an element p ′ ∈ P ′ such that (1 + p ′ )y = 0 ∈ KI; hence (1 + p ′ ) ∈ L ⊆ P ′ , which is a contradiction since P ′ is a strong maximal k-ideal. Thus by hypothesis, there exist t ∈ P ′ and z ∈ I such that (1 + t)I ⊆ Rz. It follows that (1 + t)J is a subideal of Rz. Set T = {r ∈: rz ∈ (1 + t)J}. We show that T z = (1 + t)J. Since the inclusion T z ⊆ (1 + t)J) is clear, we will prive the reverse inclusion. Let x ∈ (1 + t)J. Then x = (1 + t)b for some b ∈ J. As (1+t)J ⊆ Rz, we must have (1+t)b = rz ∈ (1+t)J, so x = rz ∈ T z, so we have equiality. Note that (1 + t)T I = T (1 + t)I ⊆ T z ⊆ J and hence (1 + t)T ⊆ (J : I) = K. Therefore, (1 + t) 2 y ∈ (1 + t) 2 J = (1 + t)T z ⊆ KI, so (1 + t) 2 ∈ L ⊆ P ′ , a contradiction. Thus L = R and y ∈ KI. It follows that J = KI and I is a very strong multiplication ideal.
Compare the next theorem with [4, Theorem 1.6].
Theorem 2.18. Let I be a faithful ideal of a semiring R, and let I be a very strong multiplication ideal. Then the following hold:
(i) i∈Λ (I i I) = ( i∈Λ I i )I for any non-empty collection of strong ideals
For any subideal J of I and strong ideal K of R such that J ⊆ KI there exists an ideal L of R with L ⊆ K and J ⊆ LI.
Proof. Let I i (i ∈ Λ) be any non-empty collection of strong ideals of R. Set J = i∈Λ I i . Clearly, IJ ⊆ i∈Λ (I i I). For the reverse inclusion, assume that x ∈ i∈Λ (I i I). Then K = {r ∈ R : rx ∈ JI} is a strong Q-ideal of R. Suppose K = R. Then by Theorem 2.4, there exists a strong maximal Q-ideal P of R such that K ⊆ P . Clearly, x / ∈ T P (I). For if x ∈ T P (I), then (1 + p)x = 0 ∈ IJ for some p ∈ P ; hence (1 + p) ∈ K ⊆ P , a contradiction. Therefore, I is P -cyclic by Theorem 2.17. There exist p ∈ P and a ∈ I such that (1 + p)I ⊆ Ra. Then (1 + p)x ∈ i∈Λ (I i a). For each i ∈ Λ, there is an element a i ∈ I i such that (1 + p)x = a i a. Choose j ∈ Λ. Then for each i ∈ Λ, a j a = a i a. By assumption, a i + a ′ i = 0 for some a ′ i ∈ I i ; hence a j a + a ′ i a = 0. Proposition 2.19. Let I be a faithful finitely generated ideal of a semiring R, and let I be a very strong multiplication ideal. Then If J and K are very strong k-ideals of R such that JI ⊆ KI, then J ⊆ K.
Proof. Let a ∈ J. Then by assumption, T = {r ∈ R : ra ∈ K} is a strong Q-ideal of R. Suppose T = R. Then there exists a strong maximal k-ideal P of R such that T ⊆ P . If P I = I, then (1 + p)I = 0 for some p ∈ P by Lemma 2.5, which is a contradiction since I is faithful. Thus I = P I and by Theorem 2.17, there exist b ∈ I and q ∈ P such that (1 + q)I ⊆ Rb. In particular, (1 + q)ab ∈ JI ⊆ Jb, so that there is an element c ∈ J such that (1 + q)ab = cb. There exists a ′ ∈ J such that a + a ′ = 0, so (c + (1 + q)a ′ )b = 0. But (1 + q)ann(b) ⊆ ann(I) = 0; hence (1 + q)((1 + q)a ′ + c) = 0 and this implies that (1 + q) 2 a ∈ J (since (1 + q) 2 a + (1 + q) 2 a ′ = 0 and J is a k-ideal) so that (1 + q) 2 ∈ T ⊆ P , a contradiction. So T = R and hence a ∈ J, as required.
Proposition 2.20. Let P be a strong prime k-ideal of a semiring R and I a faithful very strong multiplication ideal of R. Let a ∈ R, x ∈ I satisfy ax ∈ P I. Then a ∈ P or x ∈ P I.
Proof. Let a / ∈ P . Then the ideal K = {r ∈ R : rx ∈ P I} is a strong Q-ideal of R. Suppose K = R. Then there exists a strong maximal k-ideal P ′ of R such that K ⊆ Q. Clearly, x / ∈ T P ′ (I) (see the proof of Theorem 2.18). By Theorem 2.4, I is Q-cyclic, that is, there exist b ∈ I and q ∈ P ′ such that (1 + q)I ⊆ Rb. In particular, (1 + q)x = sb for some s ∈ R. Therefore we have (1 + q)ax ∈ (1 + q)P I ⊆ P Rb = P b; hence asb = pb for some p ∈ P . By assumption, p + p ′ = 0 for some p ∈ P ′ ; hence (as + p ′ )b = 0. Since (1 + q)ann(b)I ⊆ Rann(b)b = 0, we must have (1 + q)(as + p ′ ) = 0, (1 + q)as = (1 + q)p ∈ P . But P ⊆ K ⊆ P ′ so that s ∈ P and (1 + q)x = sb ∈ P I. Thus (1 + q) ∈ K ⊆ P ′ , which is a contradiction. It follows that K = R and x ∈ P M , as required.
Theorem 2.21. Let P be a strong prime k-ideal of a semiring R and I a faithful very strong multiplication ideal of R. If P I = I, then P I is a strong prime subideal of I.
Proof. Apply Proposition 2.20.
The ideal θ(I)
In this section we study the ideal θ(I), where R is a commutative semiring with identity and I is a multiplication ideal of R. Compare the next result with [2, Lemma 2.1]. Proposition 3.3. Suppose that I is a strong multiplication ideal over a semiring R such that θ(I) is a strong ideal. If J is a finitely generated ideal of R with I ⊆ θ(I), then JI is finitely generated. Conversely, if J is a strong ideal of R with JI finitely generated, then J ⊆ θ(I). In particular, if r ∈ θ(I), then rI is finitely generated.
Proof. Let J =< a 1 , ..., a n >. Then there exist Compare the next theorem with [2, Theorem Corollary 2.2].
Theorem 3.4. Suppose that I is a strong multiplication ideal over a semiring R such that θ(I) is a strong ideal. Then the following conditions are equivalent:
(i) I is finitely generated. J is a very strong k-ideal of R with JI = I} is an ideal of R (see [2] ). We next show that for I a faithful very strong multiplication ideal of R, these two associated ideals coincide: T (I) = θ(I).
Lemma 3.6. Let I be a faithful very strong multiplication k-ideal over a semiring R. Then the following hold:
(i) a ∈ T (I)a for each a ∈ I. 
representable ideals
Let R be a semiring. A non-zero ideal I is secondary if for each a ∈ R, the endomorphism ϕ a,I (i.e., multiplication by a in I) is either surjective or nilpotent. It is immediate that rad(ann(I)) = P is a prime ideal of R (since if ab ∈ rad(ann(I)) = A with a / ∈ A, then a n b n I = 0 for some n and a n I = I; hence b n I = 0. Therefore, b ∈ A), and I is said to be Psecondary. An ideal I is said to be secondary representable if it can be written as a sum I = I 1 + ... + I k with each I i secondary, and if such a representation exists (and is irredundant) then the attached primes of I are Att(I) = {rad(annI 1 ), ..., rad(annI k )} (see [12] ). Let R be a semiring. An ideal I is sum-irreducible if I = 0 and the sum of any two proper subideals of I is always a proper subideal. We say that R is Artinian if any non-empty set of k-ideals of R has a minimal member with respect to set inclusion. This definition is equivalent to descending chain condition on k-ideals of R. Proof. Let I = I 1 + ... + I k , where for each i (1 ≤ i ≤ k), I i is Psecondary. Let a ∈ R. If a ∈ P , then there is a positive integer n such that a n I i = 0 for every i; hence a n I = 0. Similarly, if a / ∈ P , then aI = I. Thus I is P -secondary. Proof. Let I = n i=1 I i be a minimal secondary representation of I with Att(I) = {P 1 , P 2 , ..., P n }. Then J = IK for some ideal K of R and J = n i=1 KI i . It suffices to show that for each i (1 ≤ i ≤ n), KI i is P isecondary. Let a ∈ R. If a ∈ P i , then a m (KI i ) = K(a m I i ) = 0 for some m. If a / ∈ P i , then a(KI i ) = KI i , as required.
Compare the next theorem with [11, p. 36 (5.2) ]. Proof. First, we show that if I is sum-irreducible, then I is secondary. Suppose I is not secondary. Then there is an element r ∈ R such that rI = I and r n I = 0 for all positive integer n. By assumption, there exists a positive integer k such that r k I = r k+1 I = .... Set I 1 = Kerϕ r k ,I and M 2 = r k I. Then I 1 and I 2 are proper ideals of I. Let x ∈ M . Then r k x = r 2k y for some y ∈ I. By assumption, y + y ′ = 0 for some y ′ ∈ I; hence r k y + r k y ′ = 0, r 2k y + r 2k y ′ = 0 and x = (x + r k y ′ ) + r k y, where x + r k y ′ ∈ I 1 and r k y ∈ I 2 . Hence I = I 1 + I 2 , and therefore I is not sum-irreducible. Next, suppose that I is not secondary representable. Then the set of non-zero k-subideals of I which are not secondary representable has a minimal element J. Certainly J is not secondary and J = 0; hence J is the sum of two strictly smaller subideals J 1 and J 2 . By the minimality of J, each J 1 , J 2 is secondary representable, and therefore so also is J, which is a contradiction. Proposition 4.4. Suppose that I is a strong multiplication ideal over a semiring R such that θ(I) is a strong ideal. If J is a P -secondary subideal of I, then there exists a ∈ R such that a ∈ θ(I) and a / ∈ P . In particular, aI is finitely generated.
Proof. Suppose the opposite. Then θ(I) ⊆ P . Let x ∈ J. Then by Lemma 3.2, Rx = θ(I)Rx ⊆ P x ⊆ Rx, so x = px for some p ∈ P . There is a positive integer m such that p m x = x = 0, which is a contradiction. Finally, aI is finitely generated by Proposition 3.5.
Theorem 4.5. Suppose that I is a strong multiplication secondary representable ideal over a semiring R such that θ(I) is a strong ideal. Then I is finitely generated.
Proof. Let I = n i=1 I i be a minimal secondary representation of I with Att(I) = {P 1 , P 2 , ..., P n }. By Proposition 4.4, for each i (1 ≤ i ≤ n), there exists a i ∈ R such that a i ∈ θ(I) and a i / ∈ P i . Then for each i (1 ≤ i ≤ n), a i I = a i I 1 + ... + a i I i−1 + I i + a i I i+1 + ... + a i I n . Setting a = n i=1 a i gives I = aI = a 1 I + ... + a n I is finitely generated by Proposition 3.5.
Theorem 4.6. Suppose that I is a strong multiplication Artinian k-ideal over a semiring R such that θ(I) is a strong ideal. Then I is finitely generated.
Proof. Apply Theorem 4.3 and Theorem 4.5.
